Chinese Remainder Theorem (CRT)

<+ solution: n=r; (modm;) | ged(m;, my) =1
z;=m/m, =1 (mod m,)
I eZ?;i s.t. z;-z'=1 (mod m)) (since ged(z, m;) = 1)
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+ ex: r=1, r,=2, r,=3 Rn (1 [(P29Mihbd m /
: T fr?%dr%m M=0 (mod m;)
m =3 - |5 =F|moqpighfq W) [=0 (mod m,)

Z1:35 Zy= 21 4 _1_5 ______ =ry (mod my)

35-2+3(23)=1
n=2352-1+21-1-2+151-3 =157 = 52 (mod 105)

m,;=3, m,=5, my=7
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CRT, ged(m,, m,)=1

¢ n=r; (mod m)
o= e (mod m,)
: '

# Els t suchthat m;s+m,t=1

ged(my, my) =1

. I+
“ ie. m;m'+m, m,!

" " mOd m, %\ﬁplqzin%mod m,)
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¢ n=r; (mymy )+ I (ml m;") (mod m;m,)
H(_J H_J
nmodm,= 1,
+ Verification
nmodm,= 0 I,
2

Manually Incremental Calculation

n=1 (mod 3) n=1 (mod 3) n=7 (mod 15)
=2 (mod 5) =2 (mod 5) =3 (mod 7)
=3 (mod 7)

) ﬁl =1 (mod 3) ... satisfying the 15t eq.
inverse of 3 (mod 5)
® SN

inverse of 5 (mod 3)

® n,=2 -8 =7 (mod 15) .. satisfying
inverse of 15 (mod 7) first 2 egs.

® inverse of 7 (mod 15)

® n,=3 =-53 =52 (mod 105)

.. satisfying all 3 eqs.

CRT, ged(m,, m,)=d

+ n=r; (mod m,) moduli are not relative prime

=1, (mod m,) gcd(ml, m,)=d>1
4 n=1(mod 6) 33575257 3 yioy (mod 5), 5122 (mod 3)
=3 (mod 10) n=3-6(-3)+1-10-2=-34=26 (mod 60)

Verification: 26 mod 6 =% 26 mod 10 =§< Incorrect!!!

¢ n=1(mod6)=3 (mod 10),  gcd(6,10)=2

CRT ~ ,————gcd(2,3)=1
n=1(mod6) <& nzlll(modZ)_ 1 (mod 3)
n=3(mod 10) & ndltmod 2) =3 (mod 5) } S=g
‘_\A—
- hs 'T'(I;(;i'z)'"'lﬁ)'fé‘“@l!‘l' WOrkS only when gc'%igE ) 1
R (mod 3) n=1 (mod 6) n=r, (mod m,)

i.e.
=3 (mod 5)

=3 (mod 5) =r, (mod m,/d)




CAVEAT

10=2-5, 12=223  ged(10,12)=2  ged(10,6)=2
¢ n=3 (mod 10) §>n53(m0dlo) n=
=11 (mod 12) =Stmed6r_/ =
—n2. _S3fmed0)_
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n=11(mod 12) < n=3(mod4)=2(mod?3)

n=11 (mod 12) Z2Tn =1 (mod 2) = 5 (mod 6)
ged(2,6)=1

n=1(mod2)=5(mod6) <> n=1(mod2)=1 (mod2)=2 (mod 3)
< n=1(mod2) =2 (mod 3)
< n=5 (mod 6)

n=1(mod2) n=3(mod5) n=3(mod?20)

+ n=3 (mod 10) Eggmogii E;Emogg) =2 (mod 3)
- =3 (mo =2 (mo
=11 (mod 12) _2 (mod 3) [§ n =23 (mod 60)

CRT w/ Moluli not Relative Prime

n=r; (mod m,)

< Chinese Remainder Theorem:
=r, (mod m,)

o, satisfying the =1} (mod my)
set of k congruence equations

there exists a unique integer

neZm1

ged(m;, my) = 1
note: each tuple (r;, r,"*, 1) maps to one distinct integer in

[0, m;m, - -m,-1], which are members of the field Zml...mk

+ Prime power moduli: n = r (mod p°)
= n=r'(mod p°), Vc'<c, r' = (mod p°)

<+ CRT with prime modulus: n =r (mod m) <:> n =r, (mod p;°)
m =p,1p, 2 pk =1, (mod p,”)

=1, (mod p ) .

Unique Prime Factorization Theorem

CRT w/ Moluli not Relative Prime

n=r;; (modp;™)
=r,, (mod p,~)

=r,, (mod p,>)

< CRT with moduli not relative prime:

_ _ C C‘.. C
n=r; (mod m;) m;=p;'p,2pg°

¥

— —_— d d ----- d
n=r,(mod m,) m,=q; 'q,> q;'

n=r,; (mod qldl)
=r,, (mod q2d2)

31, J, such that p; = g .
i.e. mululi share common factors - =1, (mod g, )

solution exists if rj; = r,; (mod p;¥), for p; = q;, k = min(c;,d;)




