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n  1 (mod 3)
 2 (mod 5)
 3 (mod 7)

n  7 (mod 15)
 3 (mod 7)

 3 (mod 7)

 n1  1 (mod 3) satisfying the 1st eq^

 3  ꞏ (-3) + 5 ꞏ 2 = 1

 n1  1 (mod 3) … satisfying the 1 eq.

 n2  2 ꞏ 3 ꞏ (-3) + 1 ꞏ 5 ꞏ 2

 15 1 7 ( 2) 1

^
inverse of 15 (mod 7)
 -8  7 (mod 15) …. satisfying 

first 2 eqs. 
 15 ꞏ 1 + 7 ꞏ (-2) = 1 inverse of 7 (mod 15)
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Manually Incremental CalculationManually Incremental Calculation

n  1 (mod 3)
 2 (mod 5)
 3 (mod 7)

n  7 (mod 15)
 3 (mod 7)

 3 (mod 7)

 n1  1 (mod 3) satisfying the 1st eq^

 3  ꞏ (-3) + 5 ꞏ 2 = 1

 n1  1 (mod 3) … satisfying the 1 eq.

 n2  2 ꞏ 3 ꞏ (-3) + 1 ꞏ 5 ꞏ 2

 15 1 7 ( 2) 1

^
inverse of 15 (mod 7)
 -8  7 (mod 15) …. satisfying 

first 2 eqs. 
 15 ꞏ 1 + 7 ꞏ (-2) = 1

 n3  3 ꞏ 15 ꞏ 1 + 7 ꞏ 7 ꞏ (-2)^
inverse of 7 (mod 15)

3 ( )

38
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Manually Incremental CalculationManually Incremental Calculation

n  1 (mod 3)
 2 (mod 5)
 3 (mod 7)

n  7 (mod 15)
 3 (mod 7)

 3 (mod 7)

 n1  1 (mod 3) satisfying the 1st eq^

 3  ꞏ (-3) + 5 ꞏ 2 = 1

 n1  1 (mod 3) … satisfying the 1 eq.

 n2  2 ꞏ 3 ꞏ (-3) + 1 ꞏ 5 ꞏ 2

 15 1 7 ( 2) 1

^
inverse of 15 (mod 7)
 -8  7 (mod 15) …. satisfying 

first 2 eqs. 
 15 ꞏ 1 + 7 ꞏ (-2) = 1

 n3  3 ꞏ 15 ꞏ 1 + 7 ꞏ 7 ꞏ (-2)^
inverse of 7 (mod 15)

3 ( )

39
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Manually Incremental CalculationManually Incremental Calculation

n  1 (mod 3)
 2 (mod 5)
 3 (mod 7)

n  7 (mod 15)
 3 (mod 7)

 3 (mod 7)

 n1  1 (mod 3) satisfying the 1st eq^

 3  ꞏ (-3) + 5 ꞏ 2 = 1

 n1  1 (mod 3) … satisfying the 1 eq.

 n2  2 ꞏ 3 ꞏ (-3) + 1 ꞏ 5 ꞏ 2

 15 1 7 ( 2) 1

^  -8  7 (mod 15) …. satisfying 
first 2 eqs. 

 15 ꞏ 1 + 7 ꞏ (-2) = 1

 n3  3 ꞏ 15 ꞏ 1 + 7 ꞏ 7 ꞏ (-2)^  -53  52 (mod 105)3 ( )

40

( )
… satisfying all 3 eqs. 



Manually Incremental CalculationManually Incremental Calculation

n  1 (mod 3)
 2 (mod 5)
 3 (mod 7) 3 (mod 7)

 n1  1 (mod 3) satisfying the 1st eq^

 3  ꞏ (-3) + 5 ꞏ 2 = 1

 n1  1 (mod 3) … satisfying the 1 eq.

 n2  2 ꞏ 3 ꞏ (-3) + 1 ꞏ 5 ꞏ 2

 15 1 7 ( 2) 1

^  -8  7 (mod 15) …. satisfying 
first 2 eqs. 

 15 ꞏ 1 + 7 ꞏ (-2) = 1

 n3  3 ꞏ 15 ꞏ 1 + 7 ꞏ 7 ꞏ (-2)^  -53  52 (mod 105)3 ( )

41

( )
… satisfying all 3 eqs. 



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m )
moduli are not relative prime

 r2 (mod m2)

42



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

43



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6)( )
 3 (mod 10)

44



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1( )
 3 (mod 10)

( )

45



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5)( )
 3 (mod 10)

( )

46



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )

47



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2

48



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

49



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Verification: 26 mod 6 = 2, 26 mod 10 = 6
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 
CRT
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

d(2 3) 1
n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 

CRT gcd(2,3)=1

54



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

d(2 3) 1
n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 

CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)

gcd(2,3)=1

n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

d(2 3) 1
n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 

CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)

gcd(2,3)=1

n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 
gcd(2,5)=1
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

d(2 3) 1
n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 

CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)

gcd(2,3)=1

n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 
gcd(2,5)=1consistent
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 
CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 

n  1 (mod 2) 
1 ( d 3) 1 (mod 3)

 3 (mod 5)
58



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 
CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 

n  1 (mod 2) 
1 ( d 3) n  1 (mod 6) 1 (mod 3)

 3 (mod 5)

n 1 (mod 6) 
 3 (mod 5)
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CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 
CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 

n  1 (mod 2) 
1 ( d 3) n  1 (mod 6) n  r (mod m ) 1 (mod 3)

 3 (mod 5)

n 1 (mod 6) 
 3 (mod 5)

n  r1 (mod m1)
 r2 (mod m2/d)

60

i.e.



CRT, gcd(m1, m2)=d, g ( 1, 2)
 n  r1 (mod m1)

 r (mod m ) gcd(m m ) = d > 1
moduli are not relative prime

 r2 (mod m2) gcd(m1, m2) = d > 1

 n  1 (mod 6) 3ꞏ(-3) + 5ꞏ2 = 1 3-1-3 (mod 5), 5-12 (mod 3)( )
 3 (mod 10)

( )
n  3 ꞏ 6ꞏ(-3) + 1 ꞏ 10ꞏ2  -34  26 (mod 60)

Incorrect!!!Verification: 26 mod 6 = 2, 26 mod 10 = 6 Incorrect!!!
 n  1 (mod 6)  3 (mod 10),       gcd(6,10)=2

n  1 (mod 6)      n  1 (mod 2)  1 (mod 3) 
CRT

n  3 (mod 10)  n  1 (mod 2)  3 (mod 5)n  3 (mod 10)    n  1 (mod 2)  3 (mod 5) 

n  1 (mod 2) 
1 ( d 3) n  1 (mod 6) n  r (mod m )

note: CRT works only when gcd(d,m2/d)=1

 1 (mod 3)
 3 (mod 5)

n 1 (mod 6) 
 3 (mod 5)

n  r1 (mod m1)
 r2 (mod m2/d)

61
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CAVEATCAVEAT
 n  3 (mod 10) n  3   (mod 10)

 11 (mod 12)

5



CAVEATCAVEAT
 n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=210=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

53 (mod 60)53 (mod 60)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=210=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

53 (mod 60)53 (mod 60)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=2
n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

n  3 (mod 10) 
 2 (mod 3)

53 (mod 60)53 (mod 60)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=2
n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

n  3 (mod 10) 
 2 (mod 3)

n  23 (mod 30)53 (mod 60) n  23 (mod 30)53 (mod 60)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=2
n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

n  3 (mod 10) 
 2 (mod 3)

n  23 (mod 30)53 (mod 60) n  23 (mod 30)53 (mod 60)

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=2
n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

n  3 (mod 10) 
 2 (mod 3)

2 n  23 (mod 30)53 (mod 60)

n  11 (mod 12)      n  3 (mod 4)  2 (mod 3) 
CRT12=22ꞏ3 n  23 (mod 30)53 (mod 60)

gcd(4,3)=1

5



CAVEATCAVEAT
 n  3 (mod 10)

gcd(10,12)=2
n 3 (mod 10)

gcd(10,6)=2
n  3 (mod 10)

10=2ꞏ5, 12=22ꞏ3
 n  3   (mod 10)

 11 (mod 12)
n  3 (mod 10) 
 5 (mod 6)

n  3 (mod 10) 
 2 (mod 3)

2 n  23 (mod 30)53 (mod 60)
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solution exists if r1i  r2j (mod pi
k), for pi = qj, k = min(ci,dj) 


