Euclidean Algorithm for GCD and
Extended Euclidean Algorithm
for the Inverse of an Element in Z_°
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e GCD of a and b 1s the largest positive integer
divides both a and b

e gcd(a, b) or (a,b)
e cx.gcd(6,4)=2,gcd(5,7)=1
e Euclidean algorithm

e ex. gcd(482, 1180)
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Greatest Common Divisor (cont’d) .

GCD of a and b 1s the largest positive integer
divides both a and b

gcd(a, b) or (a,b)
ex. gcd(6,4) =2, gcd(5,7) =1

Euclidean algorithm
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Why does it work?

Let d = gcd(482, 1180)
d|482andd| 1180 = d|216

because 216 = 1180 — 2 - 482
216 and d | 482 = d |50
50andd |216 =d| 16
l6andd |50 =d |2
16 =>d=2
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int find_gcd(int n1, int n2) {
intp, q, r;
p = abs(n1);
g = abs(n2);
r=po%aq;
while (r 1= 0) {
P=q;
q=1r
r=p%q;
}

return q;



Recursive Solution

01 int gcd(int p, int q)

02 {

03 intans;

04

05 if(p % q==0)
06 ans = q;

07 else

08 ans = gcd(q, p % q);
09

10  return ans;

11}
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01 int gcd(int p, int q)

02 {

03 intr=p%aq;
04 if (r==0)
05 return q;

06 return gcd(q, r);
07}
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A group G is a finite or infinite set of elements and a binary operation x
which together satisfy

1. Closure: VabeG axb=ceG EEAME
2. Associativity: VvV ab,ceG (axb)xc=ax(bxc) &E&E
3. ldentity: VaeG 1xa=ax1=a BHAITE=
4. Inverse: VaeG axa'l=1=a'xa IS&IEA

eq. . n=11. 75 ={1,2,3,4,5,6,7,8,9, 10}
I M y ~11 L

_, A4 L] A 4 A 4 n A d A4

binary operation: x (mod p), identity: 1, inverse: x' can be found using
the “extended Euclidean Algorithm”

1%1=1 (mod 11) 6*2=12=1 (mod 11)
2*6=12=1 (mod 11) 7*8=56=1 (mod 11)

3*4 =12=1 (mod 11) S:g=5465511 (mogn)
473=12=1 (mod11) 10*10 = 100 = 1 Eﬂgdm;
5*9=45=1 (mod 11)



Extended Euclidean algorithm eoeo

for finding the inverse in Z* oo

e Def: a and b are relatively prime: gcd(a, b) =1

e Theorem: Let a and b be two nonzero integers, and
let d = gcd(a,b). Then there exist integers X, y such
thata - x+b-y=d
e Constructive proof: Use the following Extended

Euclidean Algorithm to find x and y
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Extended Euclidean Algorithm eoet
o
Let gcd(a, b)=d
e Looking forsandt, gcd(s,t)=1st.a-s+b-t=d
e Whend=1,t= b’! (mod a)
Ex. 1180=2-482+216
a=a ‘b +r 1180 -2 -482=216
i -1 ] 482 =2 216+ 50
RASAL 482 -2 - (1180 - 2 - 482) =50
b=q 1t 2 - 1180+ 5 - 482 =50
@/ _--7 /0 216=4-50+16
IS, T (1180 - 2 - 482) -
Iy 5 4-(-2-1180+5 - 482) =16
Y Ee 9-1180-22 482 =16
I =(qy " 13 50=3-16+2

writery, r,, ..., d as (-2 - 1180 +5 - 482) -
. . d +0 linear combination 3 (9 - 1180 - 22 - 482) =2
3= (s of aand b 29 - 1180+ 71 - 482 =2 s



Derive the Iteration Formula 0o o

Anwmads o0

e in the forward direction, letr, = a, r, = b, gcd(a,b) = 1
o =2ag iy + by 1y
rp=a;rg+byr

=(ol T h—Qory=r,=a,rp+b,r,
=qQqrpy+r3 rf—qqry,=rz3=asry+byr,
=Qxf3 1y =3 =Ty =a,fp+byr,

o= Q2 Mg = =@+ by

) ifr,==0thenr_ =1

A2 Qg fp+bgry=r=1

b; = bi, — g by i.e.a, 4 rp=1(modr,)
wherea,=1,b,=0,a,=0, b, =1

= 8~



Implementation (w/o using array) | s

Int x, p, r, a, am1=0, am2=1,
int b, bm1=1, bm2=0, q, gm1, gm2;

printf("Please input (X, p), where "

"gcd(x,p)=1>"); /¥ assume p >=x*/

scanf("%d %d", &x, &p);

printf("inverse(%d) (mod %d) =", x, p);

if (x ==1) printf("%d\n", x), return 0O;

aqm2=p/x;r=p%Xx; p=x;X
a1 =p/x;r=p %X, p=X; X

a=am2-gm2*ami;
b=bm2-gm2* bm1,;

while (r = 0)
{
q=p/Xx;
r=p % Xx;
P=X
X=T;

am2 =am1; am1 = a;
bm2 =bm1; bm1 = Db;
qm2 = gm1; gm1 = q;
a=am2-gm2*ami;
b=bm2-gm2*bmi1,
}
printf ("%d\n", b);

10



Another Implementation oo

01 int main(void) { using Array
02 intx,y,a,b;

03 int quotient[50], nlter, gcd;

04  printf("Please input two integers >");
05 scanf("%d%d", &x, &y);

06 gcd = euclidean(&x, &y, &nlter, quotient);
07 printf("gcd(%d, %d) = %d\n", X, y, gcd);

08 extendedEuciidean(quotient, niter, &a, &b);
09 if(x<0)a=-a;

10 if (y<0)b =-b;

11 prettyPrint(gcd, a, x, b, y);

12  system("pause");
13  return O;
14}



Euclidean Algorithm o°

01 int euclidean(int *x, int *y, int *nlter, int quotient[ ]) {
02 int divisor, remainder, divident, iter=0;

03 if (*x <7*y) swap(x, Y);

04 divident="x<0 ? -(*x) : *x;

05 divisor=*y <0 ?-(*y):*y;

06 do

07 {

08 quotient[iter++] = divident / divisor;
09 remainder = divident % divisor;

10 divident = divisor;

11 divisor = remainder;

12} while (remainder != 0);
13  *nlter = iter;

14  return divident;

15}

12



Extended Euclidean Algorithm o

-

01 void extendedEuclidean(int q[], int nlter, int *a, int *b) {
02 intal1[3]={1,0, -1}, b1[3] ={0, 1, -1}, i;
03 for (i=0; i<nlter-1; i++) {

04  al[2]=a1[0] - q[i] * a1[1];
05 b1[2] = b1[0] - q[i] * b1[1];
06 a1[0] = a1[1];

07 al[1] = a1[2];

08 b1[0] = b1[1];

09 b1[1] = b1[2];

10 }

11 *a=al[1];

12 *b =Db1[1];

13}

13



Recursive Solution .

e Given a>b>0, find g=GCD(a,b) and x,ys.t.ax+by=g¢g
where |x|<b+1 and |y|<a+1

e [eta=qb+r,b>r>20=(qgb+r)x+by=g¢g
:>b(qX+y)+rX:g
by +rx =g, wherey'=qx+y

e This means that if we can find y' and x satisfying b y' + (a%b) x =g
thenxandy=y'—qx=y'—(a/b) xsatisfiesax+by=g

Note that 1n this way r = a%b will eventually be 0

01 void extgced(int a, int b, int *g, int *x, int *y) {//a>b >=0

02 if(b==0)
03 *g=a,™x=1,"y=0;
04 else{

05 extged(b, a%b, g, v, X);

06 *y =*y - (a/b)*(*x);

07 }

08 } 14



