Euclidean Algorithm for GCD and
Extended Euclidean Algorithm
for the Inverse of an Element in Z
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Greatest Common Divisor

e Euclidean Algorithm: calculating GCD
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Greatest Common Divisor (cont’d)

e GCD of a and b is the largest positive integer
divides both a and b

e gcd(a, b) or (a,b)
e cx. gcd(6,4)=2,gcd(5,7)=1

e Euclidean algorlthm remainder—divisor — dividend — ignore

e cx. gcd(482, 1 180) Why does it work?
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Iterated C Program Design
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int find_gcd(int n1, int n2) {
intp,q,r;
p = abs(n1);
q = abs(n2);

i’ p BREL g HUEREG R v

& r K 0

3.1 EH qIEEZE p

32 FEH rEHEZE q

3.3 1 p FREL q HUBREGR By

q BI% n1 Al n2 By RAKREL

=p % q;

while (r!=0) {

}

P=0;
q=r
r=p%a;

return q;




Recursive Solution

Ex. p=10, q=6 =
p=6, q=4 =
01 int gcd(int p, int q) p=4,q=2 = ans =2
02 { Ex. p=16(,)q=1g =
=10, 9=6 =
03 intans; S=6 qg4 >
04 p=4,q=2=ans =2
05 if(p % q==0)
06 ans = q; 01 int ged(int p, int q)
07 else 02 { _
08 ans = gcd(q, p % q); 03 intr=p%q;
09 04 if (r==0)
10  return ans; 05 return q;
1} 06 return gcd(q, r);
07}

Integer Multiplicative Group Z°

e A group G is a finite or infinite set of elements and a binary operation x
which together satisfy

1. Closure: vabeG axb=ceG EIRAME
2. Associativity: V a,b,c eG (axb)xc=ax(bxc) L&tk
3. Identity: VaeG 1xa=ax1=a HATR
4. Inverse: vaecG axa'l=1=a'xa RotE

e eg.p=11,2{,={1,2,3,4,5,6,7,8,9, 10}
binary operation: x (mod p), identity: 1, inverse: x' can be found using
the “extended Euclidean Algorithm”

1*1=1 (mod 11) 6*2=12=1 (mod 11)
2*6=12=1 (mod 11) 7"8=56=1 (mod11)
473=12=1 (mod 11) 10*10=100=1 (mod 11)
5*9=45=1 (mod 11)

Extended Euclidean algorithm
for finding the inverse in Z*

e Def: a and b are relatively prime: ged(a, b) =1

e Theorem: Let a and b be two nonzero integers, and
let d = gcd(a,b). Then there exist integers x, y such
thata-x+b-y=d

e Constructive proof: Use the following Extended
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Extended Euclidean Algorithm

Let gcd(a, b)=d
e Looking forsandt, ged(s,t)=1st.a-s+b-t=d
e Whend=1,t= bl (mod a)

Ex. 1180=2-482+216

a=q b +r 1180 -2 - 482 =216
s 482 =2 - 216+ 50
R 482 -2 - (1180 - 2 - 482) = 50
b7 1 tn 21180 +5 - 482 =50
@) _--" /0 216=4-50+16
I, %’qg'rfﬂg (1180 -2 - 482) -
~ e 4-(2-1180+5 - 482) = 16
v P 9-1180-22 - 482 =16
r,=q 13+d 50=3-16+2

write ry, 1y, ..., d as (-2 - 1180+ 5 - 482) -
— g - d + ( linear combination 3-(9-1180-22-482)=2
I3= Qs ofaand b 291180+ 71 -482=2»




Derive the Iteration Formula

¢ in the forward direction, letr, = a, r, = b, gcd(a,b) = 1
fo=ag o+ bgry
ry=ayry+byr,

=Cqof *1, —Qory=rp=ayrg+b,r,
rn=qirfp*r; rf—Qqury=ry=agry+byr,
=Qxl3 1y p—Qal3 =Ty =a,Tp+b,ry

2= Qiplhiq Sh =g+ by
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. ifr,==0thenr_ =1
{ —Ciz4 .ai-1 o +biyry=r,=1

b; = b —Giz b i.e.a 4 ro=1(modr,)
where a, = 1 b0 0,a;,=0,b,=1
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Implementation (w/0 using array)

intx, p, r, a, am1=0, am2=1;

int b, bm1=1, bm2=0, g, gm1, qm2; \{Nhile (r!=0)
printf("Please input (x, p), where " q=p/x
=p % X

ung(X,p)=1 > "); /* assume p >=X *|
scanf("%d %d", &x, &p);

printf("inverse(%d) (mod %d) =", X, p); )szl)’(

am2 =am1; am1 = g;
bm2 =bm1; bm1 = b;
gm2 =gm1; gm1 =gq;
a=am2-gm2*am1;
b=bm2-gm2 * bmf1;

if (x == 1) printf("%d\n", x), return 0;

agm2=p/xr=p%Xx; p=x;X=r,
agml=p/xr=p%Xx; p=x;X=r,

a=am2-gm2*amf;
b =bm2-gm2 * bm1; }
printf ("%d\n", b);

Another Implementation

01 int main(void) { using Array
02 intx,vy,a,b;

03 int quotient[50], nlter, gcd;

04 printf("Please input two integers > ");
05 scanf("%d%d", &x, &y);

06 gcd = euclidean(&x, &y, &nlter, quotient);
07  printf("gcd(%d, %d) = %d\n", X, y, gcd);

08 extendedEuclidean(quotient, nlter, &a, &b);
09 if(x<0)a=-a;

10 if(y<0)b=-b;

11 prettyPrint(gcd, a, X, b, y);

12  system("pause");

13  return O;
14}

Euclidean Algorithm

01 int euclidean(int *x, int *y, int *nlter, int quotient[ ]) {
02 int divisor, remainder, divident, iter=0;

03 if (*x <*y) swap(x, y);

04 divident =*x <0 ? -(*x) : *x;

05 divisor=*y <0 ?-(*y):™y;

06 do

07 {

08 quotient[iter++] = divident / divisor;
09 remainder = divident % divisor;

10 divident = divisor;

11 divisor = remainder;

12} while (remainder != 0);
13  “*nlter = iter;

14  return divident;

15}




Extended Euclidean Algorithm Recursive Solution
e Given a>b>0, find g=GCD(a,b) and x,yst.ax+by=g

01 void extendedEuclidean(int q[], int nlter, int *a, int *b) { where [x[<b+1 and |y|<a+1

02 intal1[3]={1,0, -1}, b1[3] ={0, 1, -1}, i; e Leta=qb+r,b>>0= (qb+r)x+by=g

03 for (i=0; i<nlter-1; i++) { =>b(qxty) t+trx=g

04 a1[2] = a1[0] - q[i] * a1[1]; —by+rx =g wherey'=qx+y

05 b1[2] = b1[0] - q[i] * b1[1];

e This means that if we can find y' and x satisfying b y' + (a%b) x =
06 a1[0] = al[1]; ’ yingby'+ (a%b)x =g

thenxandy=y'—qx=y'—(a/b) x satisfiesax+by=g

07 al[1] =a1[2]; Note that in this way r = a%b will eventually be 0
08 b1[0] = b1[1]; 01 void extged(int a, int b, int *g, int *x, int *y) { // a > b >=0
09 b1[1] = b1[2]; 02 if(b==0)
03 *g=a,*x=1,*y=0;
10 1 04 else{
11 a=al[l]; 05 extgcd(b, a%b, g, v, X);
12 *b=b1[1]; 8 Y=y @)
13} 5 08} "




