Permutation, Combination,
and Related Problems
- backtracking algorithms
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Introduction

e You might need to generate permutations,
combinations, partitions to enumerate all possible
configurations in order to find the optimal solutions or
brute-force solutions of some problems

e Procedural programming is about data processing

e To design the program:
e figure out how the data/configuration changes
o find the suitable representation of data in a program
e figure out the “process” that transforms the data step by step
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Generating Permutations
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n-layer for loop Implementation

inti1, i2, i3, i4;
for (i1=1; i1<=4; i1++) {
for (i2=1; i2<=4; i2++) {
if (i2 == i1) continue;
for (i3=1; i3<=4; i3++) {
if ((i3==i2)||(i3==i1)) continue;
for (i4=1; i4<=4; i4++) {
if ((i4==i3)||(i4==i2)||(i4==i1)) continue;
printf("%d %d %d %d\n", i1, i2, i3, i4);
}
}

}
}

il1i2]i3|i4

This is a quick implementation but NOT scalable.




2-layer for loop Implementation

Equivalent 2-layer for loop

e Consider this simplified loop without collision constraints void nextIndex(int index[], int n) { index| 171 1]1]
int data[4]; data [i1]i2] i3] i4] nti; 1 1 1 2
f 4. . for (i=n-1; i>0; i--)
or (data[0]=1; data[0]<=4; data[0]++) { 1 1 1 1 if (index[i]<n) 1 1 1 3

for (data[1]=1; data[1]<=4; data[1]++) { 1 1 1 2 ¢ indexil+.4; return; } 1 1 1 4
for (data[2]=1; data[2]<=4; data[2]++) { 1 1 1 3 else 11 2 1
for (data[3]=1; data[3]<=4; data[3]++){ 1 1 1 4 index[i] = 1; 112 2
printf("%d %d %d %d\n", datafo], 1 1 2 1 index[0]++: 11 23
data[1], data[2], data[3]); 1 1 2 2 y i i § ‘11
1 1 2 3
} } 1 1 2 4 int i, index[4], n=4;
} 1 1 3 1 for (i=0; i<n; i++)
} is st Scalable index[i] = 1;
* Itis still not scalable. for (; index[0]<=n; nextIndex(index, n))
e Is there a scalable program structure that generates the printArray(index, n);
same (i1, i2, i3, i4) counting-up sequence?  yes . Y .
int next(int perm[], int used[], int n) { COU nting

2-layer for loop for Permutation

int index[4], n=4; index| 1 | 3 | 2 | g
for (i=0; i<n; i++) 1 3 2 4
index[i] = i+1; 1 3 4 2
for (; index[0]<=n; nextIndex(index, n)) 1 4 2 3
if (isValid(index, n)) 1 4 3 2
printPerm(index, n); 2 1 3 4
"""""""""""""""""""""""""""""" 2 1 4 3
int isValid(int index[], int n) { )
inti, J; ' "void nextIndex(int index[], int n) {
for (i=0; i<n-1; i++) Lointi;
for j=i+1; j<n; j++) “  for (i=n-1; i>0; i--)
if (index[i]==index[jI) |  if (index[i]<n)
return 0;
return 1; index[0]++;

} g } 7

inti, j, k; . .
for (i=n-1; i>=0; i-) { W/O invalid() check
used[perm[i]] = 0;

do perm
perm[i]++; 1 3 2
while ((perm[i]<=n)&&used[perm[i]]); 2 1 3
if (perm[i]<=n) { 2 3 1
used[perm[i]] = 1; 3 1 2
for (k=0,j=i+1; j<n; j++) {
while (used[++k]); , 321
perm[j] = k, used[k] = 1;
h “Tnt perm[10], =3;
_ e perm[10], used[11], n=3;
return 1; / for (i=0; i<n; i++)
) b J perm[i] = i+1, used[i+1] = 1;
)
return 0; / do

y ) printArray(perm, n);
! while (next(perm, used, n)); 5




num([0]

Another Implementatlonn|un8[-1’1 L Recursive Counting Up
void print(int m, int num[]); ) 0000
void next(int n, int num[], int it); 8 é :; % data ---- pivot 0001
int main() { 0002
inti, n=4, numoO[] = {0, 0, 1, 2, 3}, *nuM=numO+1; 0 2 3 1 01 int main() { 0j1]3]2 8 8 (1) 8
whiI<=T (num[-1]==0) { 0 3 I,/ 1\ 2 02 intdata[10]; data[0] " data[m-1]
:__ir>£|r|r_:1:t1g?,_rlgrp_),________________I 0 3.2/1 03 countUp(4, data, 4, 0); 8 g 8 8
E do ) ) i 1 0 2 3 gg return 0; \\\\ 0101
1 next(n, num, -i); i N
i while (i>=0&&numli]==n); i VOi.dtn.ext(int n, int num(], int it) { 06 ) ibase <A# dlgltS\\ 8 i 8 %
» whil i : Int1, . : : . PN 0110
| w I:lleng-Ei;;f:‘,)nEXt(n, num, i); | forf(nlzmgt]fft; r_1UJ|(1;[it]<n; num(it]++) { 8; VOIi?(;?:(;’;U?‘gl)rga{g[(l)r]lt data éZlvot):; e e
S : or (i=0; i<it; i+ <a the funnin 3
Fetum 0 i (umfil==num(it) break; 09 _patiiata 3 dgt 0 |0133
} voifd print(in(t)n, int num[]) { } It (1==it) return; 1%,’élse 7 B dgt o ditaloor
int i=0; i<n; i++ =0; <n; ¢ +t
" ormicsa” ;| | G110 B e e Search 1000
printf("\n"); $EIEL numl(it] RET—{EF A (depth first search, DFS)| 3332
J Pl 13}
} BT, HAZE num[it] Bishn | 3333
Generalization of Deep for Loops DFS with a Stack
01 int data[4]; ®
02 for (data[0]=1; data[0]<=4; data[0]++) {
03 for (data[1]=1; data[1]<=4; data[1] 01 #include <stdio.h> VX
04  for (data[2]=1; data[2]<=4; datg[3] NCIuC ' o AR
05 for (data[3]=1; data[8pt2i4]d3tg oamtmanOl oo 012012012012012012012012012
06 pringllc3 et o4 Int top=1 s?1t3£1 o]]'[g]’={{-1 ol
07 data  datald 05 whie (top>0){ oo 1.0 1 2
08 } 06 p=s-top)io}; POP data Qa0
09 1} 07 if (p>=0) data[p]=s[top][1];
10 ) v ] ] . 08 if (p==n-1)
11} Recursive DFS implementation 09 for (i=0; i<n; i++)
07 void countUp(int n, int data[], int m, int pivot) { 10 printf("%d%c", datal[i], i<n-1?" "\n'); —i’:—
08 if (pivot>=m) 11 else y
09 print(data, m); 1:23 for ([p++],[i0=]n—1; i[>=0j[i1-]-) :’:
10 else s[top][0]=p, s[top][1]=i, top++; L
11 for (data[pivot]=0; data[pivot]<n; data[pivot]++) 14} push P,V aa
12 countUp(n, data, m, pivot+1); 15 return O; ! a2
13} " 16} data[p]=v; -a,Q 2




Permutation

e If you view the index[] as an n-digit n-ary number
(the digits setis {1, 2, ..., n}), the previous
program generates all possible increasing
numbers (from 111...1 to nnn...n) and eliminates
all invalid numbers with repeating digits on the
way of counting up.

e Problem: slow as n gets to 10 or larger. n" vs. n!

e Next, you will see another implementation. It tries
to generate only valid increasing numbers with
the next() function. Later, we will have some
more algorithms to generate permutations.

01 #include <stdio.h> P current

02 perm "

03 void main() 112

04 {

05 int size, perm[12] = {0}, current=0, solCount=0, i;

06 26 int next(int size, int pivot, int perm[
07  printf("Please input number of elements: ");127 {

08 scanf("%d", &size); 28 inti, collision;

09 29

10 \{Nhile (current>=0) 30 while (perm[pivot]++ < size)
11 31

12 current += next(size, current, perm); |32 collision = 0;

13 if (current == size) 33 for (i=0; i<pivot; i++)

14 { 34 if (perm[pivot] == perm[i])
15 solCount++; 35 {

16 printf("%4d: ", solCount); 36 collision = 1;

17 for (i=0; i<size; i++) 37 break;

18 printf("%d ", perm[i]); 38 }

19 printf("\n"); 39 if (!collision) return 1;

20 current = size-1; 40 3

21 } 41  perm[pivot] = 0;

22 3} 42  return-1;

23 printf("Total %d permutations\n",solCount);|43 }

24}
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Permutation from Swapplng

e Recursive
1 + permutations of {2, 3,4} --_
2 + permutations of {1, 3, 4} .
3 + permutations of {2, 1,4} |
4 + permutations of {2, 3,1}

a4

,,,,,

NNHF e

for (i=0; i<n; i++) a[i] = i+1; \
permutation(a, 0, n-1); \l

ENW NEWIEN SN

void permutation(int perm[], int start, int end) {

if (start == end) { printPerm(perm, end+1); return;
for (int i=start; i<=end; i++) {
swap(&perm[start], &perm[il);
permutation(perm, start+1, end); \
swap(&perm[start], &perm[i]); )
by
b

----3--
— N —
wWw
Ny
—

from Swapping (cont’d) #e*¢

e The output of previous program is not in lexicographic order

[y
N
w
»
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WHEPWLAWNNIW

I RNEFWNWRNRAND

for (int i=start; i<=end; i++) {

piaiHCRpemia{starpdpen[il);

permutation(perm, start+1, end);

y PREFCHpeNA R pesL0) V°'d.n‘f§‘n’fffféﬂ%§l@ﬁmuT
N REESIRBF S0 35 E 17 while (al=b) *b = *(b+d), b+=d;

*a = tmp;
ITSA33 problem #2 }

0123 1023
int rotate_n_check(int size, char data[]){ / 0123
int i; /!
for (i=size; i>=2; i--) { /,—’

rotate(i, data);
if (data[i-1] '=i-1) return 1; |d
ieturn 0: | printPermutation(num, digit);
) ’ __-’while (rotate_n_check(num, digit));

19

for (i=0; i<num; i++) digit[i] = i;

Rotation (cont’)

e Why does it work? 0123
- 3012

1-digit 0 - 4-digit” 2301
1230

- 4 2013 |

2- dlglt ? (1) PN 3 20 1
T 1203
3d@¢ 120/”/ ////”ﬁw//” LW; 777777777
102" e, 2103
{g;g_::: __________________________________________ oy

20




Recursive Implementation

void permuteFromRotation(char pdata[], int len) {

len

char cdata[20];
int i, j, tmp; 23 pdata[]‘o, o 2
if (len>=n) { 3T

pdata[n]=0; printf("o/g\p", peata); Ccdatall

return; e 3y 01
} \QI \ml \2’ \\’:)’I
for (i=0; i<len; i++) cdata[i] = pdata[i]; 3R 2
cdata[len] = items[len]; 230" 14
for (i=0; i<=len; i++) { 171230

permuteFromRotation(cdata, len+1); items[len] /

for (tmp=cdata[len],j=len; j>O0; j--) i

cdata[j] = cdata[j-1 -
cdata[O:Il:Jl tmp; ,/,[_J_——]—’ """""""" |tem5[] ‘0’ ‘1@

3 h “‘result[0] = items[0]; n 4
permuteFromRotation(result, 1);

Recursive Implementation

char items[]="0123"; int n=4;
void permuteFromRotation(char pdata[], int len) {

inti, j, tmp; 23 len
if (len>=n) { 31270
pdata[n]=0; printf("¥@\p"pelata); Pdatal]
return, ‘Q' \ml \3! \II O 1
\I \ml \Il \3’
pdata[len] = items[len]; '3ee
for (i=0; i<=len; i++) { 230" 14
permuteFromRotation(pdata, len+1); 1171271370"
for (tmp=pdata[len],j=len; j>0; j--) i .
pdata[j] = pdata[j-1]; . - |tems[len]l,
pdata[0] = tmp; .-~~~ ] 2
items[] '0"'1(2)'3'
¥ " result[0] = items[0]; N 4

permuteFromRotation(result, 1);

int shi

}

Permutation by Exchanging Neighbors

perm  pos perm  poS for (i=0;i<num;i++)

perm[*pos] = perm[*pos+1];
perm[++(*pos)] = tmp;

g % % 8 (1) 0 8 g % 8 % ? 8 % E perm[i]=num-1-i, position[i]=0;

2130 200 2031 20140 _

2103 300 2013 301! printPermutation(num, perm);

3120 01043021 011 while (shift_n_check(num, perm, position))
1320 110 )0321 111 - -
% % 8 g % % 8 8 % ? _—1,) % % % v" void shiftRight(int size, char perm[],
3102 020 3012 021\ char *pos){
1302 120 8 -;> % % % % % \ char tmp = perm[*pos];

%83% %%8 0155 551 ° if (*pos < size-1) {

:b

_n_check(int size, char perm[],
char pos[]) { '-\
for (int i=size; >=2; i) { -, elfsoer{(inti—size-Z' i>=0; i)
shiftRight(i, &perm[size-i], &pos[size-i]); : perm[i-l_- 1] = p’erm_[i]c
}If (pos[size-i] > 0) return 1; :: perm[*pos=0] = tmp;’

/)
return O; b
1

23

Exchanging Neighbors (cont'd)

e Why does it work? 0123
0132

1-digit 0 - 4-digit 0312
3012

2-digi (1)(1) b 0231
o 2013

3- d|g|t 20 1 ‘L””””; 777777777 |
102" e, 1203

{; P S 7103

24




Recursive Implementation

void permuteFromExchanging(char pdata[], int len) {

char cdata[10]; len 5
inti, j, tmp; YA AT RA Y/
if (len>=n) { b3 pdata[]
pdata[n]=0; printf("%s\n ,lg aaza)}' ‘0"’
return;
} \3! \GI \QI \1! Cdata[]‘OI ‘1
for (i=0; i<len; i++) cdata[i] = pdata[i]; A TAS Ak
cdata[len] = items[len]; AT AR AV Y
for (i=len; i>=0; i--) { 0’ '3\’ ‘2’\‘
permuteFromExchanging(cdata, len+1); 37071’ \2r'
if (i>0) items[len],
tmp=cdata[i], cdata[i]=cdata[i-1], cdata[l 1] = tmp,
>y .
e items[] . . ‘2
" result[0] = items[0]; 0 1@ 3

permuteFromExchanging(result, 1); N4 2

Recursive Impl. w/o Extra Array

void permuteFromExchanging(char data[], int len) {
inti, j, tmp;
if (Ien>_n) { \ 7 \BI \q7 \3! Ien 2
data[n]=0; prlntf("%s\n i,

data

returnl \BI \3[ \BI \1! []\Ol \ @
data[len] = items[len]; 37t 19f 137 3l
for (i=len; i>=0; i--) { A A 4 \‘2,
permuteFromExchanging(data, len+1); 31 \2“,
if (i>0) . . . . \D/7\ I\ll \2{
tmp=datali], data[i]=data[i-1], data[i-1] = t?nrp,
for (i=0; i<len; i++) data[i] = data[i+1]; . . 'tems[lef']

b4 P items[] /
. '0"'1C2)'3’

result[0] = items[0];

permuteFromExchanging(result, 1); 4 "

Generate Disjoint Partitions

e A partition of a set X is a set of non-empty subsets of X such
that every element x in X is in exactly one of these subsets.
e e.g. The set X={1, 2, 3} has five partitions:
o {{1}, {2}, {3} }, sometimes written 1|2 | 3.
o {{1,2},{3}},0r12]|3.
o {{1,3},{2}},or13]2.
o {{1},{2,3}},0r1]23.
e {{1,2,3}},0r123
e The total number of partitions is the Bell numbers B,

8= 2 CIB,
6.9.By=1, B, =1,B,=2, By = 5, B, = 15, By = 52, B, = 203, .
B, = 51724158235372 ~ 5x10'3, B,, = 846749014511809332450147 ~ 8x102%3,
B4 = 157450588391204931289324344702531067 ~ 2x1 03,
By, = 185724268771078270438257767181908917499221852770 =~ 2x1047.

27

Generate Partitions (cont'd)

e A simple algorithm through counting up with dynamically adjusted ceiling,
partition / max e.g., X is a 4-element set {a,,a,,a,,a;}
1: 0,0,0,0/ 0,1,1,1 ==> {a,,a,,a,,a3}
2:0,0,0,1/0,1,1,1 ==> {a,,a,,a,},{as}
3:0,0,1,0/0,1,1,2 ==> {ay,a,,a5},{a,}
4:0,0,1,1/0,1,1,2 ==> {ay,a,},{a,.a;3}

Implementation with 2 arrays

0,0,1,2 label the partitions
for each set elements 3,

¢5:0,0,1,279,1,1,2 ==> {aga}{as}.{as} :9“-;1-72\ 3
6:0,1,0,0/0,1,2,2 ==> {a,a,a,}{a;} partition ( 00 [\)2
7:0,1,0,1/0,1,2,2 ==> {a,,a,},{a,,a;} paaa e ~Ch SRENEY
8:0,1,0,2/0,1,2,2 ==> {a,,a,} {a;},{as} max | o |4\t h2]i
9:0,1,1,0/0,1,2,2 ==> {ap,as}.{a;,a,} each max[i] > all\prlor\p‘a;tltlons

10:0,1.1.1L0.1.2,2 ==> {ag},{a1,3:@%}  when a non-tailing digit reaches

(11- 01.1,2/0,1 _2*2"_> {ach{as,a}.{as}  its max Lol 3

12:0,1,2,0/0,1,2,3 ==> {a,,a,},{a;}.{a,} = 7
13:04.21/0123 22> (a)faatfa)  Partition { 0|1 //2%60
14:0,1,2,2/0,1,2,3 ==> {a.}.{a;}.{aas} S mme s
15:0,1,2,3/0,1,2,3 ==> {ag}.{a.}{a,}.{as} max | 0] 1 2} 3_ .,




Implementation

01 int next(int size, int pivot, int partition[], int max{]) {
02 inti, j, maxVal;

03 while (pivot>0 && (partition[pivot] >= max[pivot]))
04 pivot--;

05 if (pivot > 0) { pivot {

06 partition[pivot]++; S

07  for (i=pivot+1; i<size; i++) { 0 1%2 3
08 partition[i] = 0; .

09 maxVal = 0; partition | 0 | 1 | 1| 2
10 for (j=1; j<i; j++)

11 if (partition[j]>maxVal) max [0 | 1| 2| 2
12 maxVal = partition[j];

13 max[i] = maxVal+1; 0 1 2
14 }

15 return size; partition (0 | 1| 2| 0
16}

17  return pivot; max | 0| 1| 2| 3
18}

29

Generate (n,k)-Combinations

e (n,k)-combination of a set S is a subset of k distinct
elements of S, |S|=n

394°5 94°5¢5 d4°5%5  ig 1
1 2
123 145 1|23
G =10 124 234 2 3 4
(5,3)-combinations 125 235 3 4 s
134 245 s s
135 345 5

e Extend the counting-up program and avoid those
non-increasing sequences

30

Efficient Enumerating w/o Invalid()

int next(int comb[], int n, int k) { comb
inti, j; 1 2 4
for (i=k-1; i>=0; i--) 3 4 5 125
if (comb[i]<n-(k-1-i)) { 1 3 4
combl[i]++; 1 3 5
for (j=i+1; j<k; j++) , 1 4 5
comb[j] = comb[j-1]+1; / 2 3 4
return 1; Lemmmm—e ’ 2 3 5
¥ ,/int comb[10], n=5,k=3; 2 4 5
return 0; / for (i=0; i<k; i++) 3 45
b ] comb[i] = i+1;
' do
Output symbols printArray(comb, k);

Z’'A'TK' D[S

1
)
,,' while (next(comb, n, k));

31

Recursive (n,k)-Combinations
level-¢ C(5,3) ser=o

_n-(k-£)=5-(3-0)=2

e select level-£ elements from seq[start]~seq[n-(k-£)]

e put the result to result[¢]~result[k-1]

e comb(n,k,seq,0,0,result); // DFS backtracking

void comb(int n, int k, const int seq[], int start, int ¢, int result[]) {
if (¢==k) print(result, k); // result[0]~result[k-1]
else

for (|nt i=start; i<=n—(k—£); i++) e.g. bruteforce UVa10326
result{¢] = seq([i] UVal1659 w/ binary search
comb(n, k, seq, i+1, £+1, result); 1 3 1 5 31
3 k-1 start~vn-(k-£)
—N

level—,

—r
result [1]2[3] seq[1]2[3[4][5],




Generate Power Set

e The power set of a set is the collection of all subsets of S,
including the empty set and S itself.

IEREET N BYIVATFE (BEBET)

o {EIEREY N #0 0] LA kL B/ NEEF A, ST A A &

RN ER N By IR HR

Sample Input i Sample Input i Sample Input
eeg.S5={1,23} 6 ' 110 ' |15 32‘11:
S = | |
25 ={{}, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}} Sample Output | | | Sample Output | | | Sample Output 249
123 111234 ' (12345 258
15 127 | 1239 267
' - 24 11136 ' [1248 213
e We c§n e.xtend the program for generating (n,k) . | 1as ' 11587 348
combinations to generate the whole power set. ‘1235 'l1212 357
1|37 . |1347 312
. |46 .\ 11356 456
o Nt N=3, seq[]={1,2,3}, result[3], k L |10 L1311 21:)
—0 ke—=n- ; 111410
for (k=0; k<=n; k++) PH. ' lisg 69
comb(n, k, seq, 0, 0, result); o mtHEERIAFFILL R ET 4 |168 78
) |52 (IeX|cograph|c order) Hg%l] ! [114 15 )
Sudoku S ,
udoku (cont'd)
e Sudoku: In these three examples, 81 I
e . . 6 1 3 4
cells are divided into 9 b.Iocks e.ach Wlt.h 9 PR e Extension of counting 3 2
cells (3-by-3). A player is required to fill in TR 54 7 12
. . 2 4
the blank cells such that integers in each 7 1 > . p 5 3 9 7
row, each column, and each block are MR . 3 7 ar, ; 3
permutations of {1,2,3,...,9}, i.e. no el gle - g 7
duplication of numbers in each row, T Ts : ulsl
column, or block. o m el [T TTal - - L«
number of lines 0,07 35" e 7 2 X X X more constraints
780 2 5 10,1,8 7 i X X X X
5 I row, column, value /~ | ">’ o s s Ts 3 % % % % on the set of
2 s 5 row, column, value™ | 4" 5 0 NEIR 5 % s g values to be filled
st T et 115 0,85 X X X X in each cell
7 1 g,g X 7 X X
e 1o " ' , 5, 8 8 X X
= + »3, Initial configuration| 7 ¢ s 9 5 9
35 36




AY

=k, (Recursive Function)

root —EREXEEFR
AN HEMES » E%E
A B C FZREEEFTAR

%/\\\ agEtE, DFS
A B C A BUZC A B

7
ABC 7% (Backtracking)
root HEEE EBEATEN A EE
m M, %%;ﬁ?é’ﬁﬁ??ﬁl
EFEE T —E 5
E A g B AR
. lifﬂé%‘ﬂ?, HAET L
A BK FEEEE

12-1 SHREREYT 12-2 BH

Backtracting with Iteration

e constraints: DFS — backtracking

01 void sudoku(int board[], int seq[], int nseq, int p) {

02 while (p>=0)

03 if (p>=nseq) print_solution, p--;

04 else if (board[seq[p]]>=9) 54
05 board[seq[p--]] = 0; 5
06 else { 7
07 board[seq[p]]++; 5
08 if (isValid(board, seq[p])) p++;

09

10}

01 int isValid(int data[], int p) {

02 inti, j, r=p/9, c=p%?9;

03 for (i=0; i<9; i++) {

04 if(i'=c && data[p]==data[r*9+i]) return O;
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main() {
int board[81]=; | 0¥
int seq[81], nseq=0;—
read constraints to board[81]

nseq
=51

05 if(il=r && data[p]==data[i*9+c]) return 0; | 0°  Prepare seq[81] and nseq

06 } 06 sudoku(board, seq, nseq, 0);
07  for (i=r/3*3; i<r/3*3+3; i++) 07 return 0;

08 for (j=c/3*3; j<c/3*3+3; j++) 08}

09 if ((i'=r|]j'=c) && data[p]==data[i*9+j]) return 0;

11 return 1;

12} 38

Backtracking using Recursion

e without any constraint, raw DFS to generate 98" possibilities

01 void print(int data[]) {
02 inti,j;

03 for (i=0; i<9; i++)
04 for (j=0; j<9; j++)

01 int main() {

02 int data[81]; // 9x9
03 sudoku(data, 0);
04 return 0;

05} 06}

01 void sudoku(int data[], int p) {
02 if (pivot>=81)
03 print(data);

04 else

05 for (data[p]=1; data[p]<=9; data[p]++)
06 sudoku(data, p+1);

07}

05 printf("%2d%s", data[i*9+j], j==97"\n":"");
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Recursion (cont'd) =+ : =,
e constraints: DFS — backtracking 7 : board seq
01 void sudoku(int board]], int seq[], int nseq, int p) { 3T 5 42 fo<Tfo |
02 if (p>=nseq) IONEE 0<—1
03 print(board); 30 6 4
04 else 0.0.7 1 / 7
05 for (board[seq[p]]=1; board[seq[p]]<=9; board[seq[p]]++) O: 1: 8 g g
06 if (isValid(board,seq[p])) 0,29 |4 10
07 sudoku(board, seq, nseq, p+1); 0,4,2 Oé
08} 0.8,5 |0¥ |79
01 int isValid(int data[], int p) { 1,0,6| | .| /80
02 inti, j, r=p/9, c=p%9; 1,55 8 [/—
03 for (i=0; i<9; i++) { Ol/ nseq
04 if(i'=c && data[p]==data[r*9+i]) return 0; 01 int main() { 0 =51
05 if(i!=r && data[p]==data[i*9+c]) return 0; 02 intboard[81]={};
06} ) ] ] 03 intseq[81], nseq=0;
8; forf(|=g3*?é:;f{3;*?;§?ég+?++) 04 read constraints to board[81]

or y=c JSC ') repari 1]and n
09 if (it=r| !'=c) && data[p]==data[i*9+il) gg e (Z‘Z‘l[fd ]Saeqd nzeeg o)
10 return 0; ’ ’ reh
11 return 1; 07  return 0;

08} 40
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Determinant of an n-by-n Matrix

e Leibniz formula

e Determinant

det(A) = 41,137,833+ @1 ,3333 1 + 3133, 183,
— 4y 3d;5d3 1~ dy 5d 1d3 3~ Ay 1Ay 3d3 5
e Permutation?
det(A) = a,13; 2333 + 1287,3931 + 1,335,133,
—d3,3d;2d3 1 — 9y 3d;1d3 3~ dy 19,3932
e sign(c) ={ 1 if o has even number of misplaced pairs
-1if ... odd ...

e.g. sign(123)=1, sign(231)=1, sign(312)=1
sign(321)=-1, sign(213)=-1, sign(132)=-1 =
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